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Abstract 

We formulate and discuss a 4 -dimensional SUSY version of an A4 model for tri- 
bimaximal neutrino mixing which is completely natural. We also study the next-to- 
the-leading corrections and show that they are small, once the ratios of A4 breaking 
VEVs to the cutoff are fixed in a specified interval. We also point out an interesting 
way of presenting the A4 group starting from the modular group. In this approach, 
which could be interesting in itself as an indication on a possible origin of A4, the 
lagrangian basis where the symmetry is formulated coincides with the basis where the 
charged leptons are diagonal. If the same classification structure in A4 is extended 
from leptons to quarks, the CKM matrix coincides with the unit matrix in leading 
order and a study of non leading corrections shows that the departures from unity 
of the CKM matrix are far too small to accomodate the observed mixing angles. 
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1 Introduction 


It is an experimental fact P] that within measnrement errors the observed form of the 
nentrino mixing matrix is compatible with the so called tri-bimaximal form, discnssed by 
Harrison, Perkins and Scott (HPS) j2|, which, apart from phase redehnitions is given by: 


U 


( 1/^3 0 ^ 

1/^3 -l/\/2 

V -1/v^ 1/^3 +l/v/2 ) 


( 1 ) 


It is an interesting challenge to formnlate dynamical principles that can lead to this specihc 
mixing pattern in a completely natnral way as a hrst approximation, with small corrections 
determined by higher order terms in a well dehned expansion. In a series of papers wu 
it has been pointed ont that a broken flavonr symmetry based on the discrete gronp 
H 4 appears to be particnlarly £t for this pnrpose. Other solntions based on continnous 
flavonr gronps like SU(3) or SO(3) have also been recently presented [HI El, bnt the A 4 
models have a very simple (for example, in terms of held content) and attractive strnctnre. 
In a recent paper jH] we have constrncted an explicit A 4 model where the problem as 
stated above is solved. A crncial featnre of all HPS models is the mechanism nsed to 
gnarantee the necessary VEV alignment of the havon held (pT which determines the charged 
lepton mass matrix with respect to the direction in havonr space chosen by the havon 
(ps that gives the nentrino mass matrix. In ref. jS] we adopted an extra dimensional 
framework, with ipx and ips on diherent branes so that the minimization of the respective 
potentials is kept to a large extent independent. The advantage of this approach is that the 
HPS mixing is reprodnced qnite natnrally in a comparatively simple way. A moderately 
hierarchical nentrino mass spectrnm is obtained. The correction terms from all possible 
higher dimensionality operators allowed by the symmetries of the model are shown to be 
small for a wide range of valnes for the cnt-oh scales. Finally, the observed hierarchy 
of charged lepton masses can be reprodnced withont hne tnning by enlarging the havonr 
symmetry with an extra U(l). 

In the present article we address a nnmber of qnestions which are left open. First, 
we give an alternative formulation of the A 4 model in 4 dimensions with supersymmetry 
(SUSY) which shows that the connection of A 4 with the HPS matrix is robust, in the sense 
that it can be obtained in diherent ways and does not necessarily require extra dimensions. 
The two versions diher in the set of additional fields and in the pattern of non leading 
corrections, so that experimental tests are in principle possible. The advantage of SUSY 
is to considerably simplify the problem of obtaining the right vacuum alignment from the 
minimization of the relevant potential. We present a detailed discussion of the pattern of 
non leading corrections in the new version of the model. We also address the important 
problem of trying to understand the dynamical origin of A 4 . To this end we reformulate 
the 12 elements of A 4 as products of two matrices S and T with 5^ = {ST)^ = = 1. 

In this formulation the lagrangian basis directly coincides with that where the charged 
leptons are diagonal. The main virtue of this formulation is that A 4 is seen as a subgroup 
of the modular group of trasformations which often plays a role in the formalism of string 
theories, for example in the context of duality trasformations jU]. We then discuss the 
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extension to qnarks. We show that a direct extrapolation to qnarks of the classihcation 
scheme adopted in A 4 for leptons immediately leads in lowest approximation to a diagonal 
CKM mixing matrix. This fact had been already observed in a similar A 4 context in refs. 

We stndy the higher order corrections in onr specihc framework and show that a 
direct extension to the quark sector of the A 4 classihcation leads, apart from negligible 
terms, to the same contributions for up and down mass matrices, so that the CKM matrix 
remains diagonal. Thus new sources of A 4 breaking are needed in the quark sector. 

2 A 4 revisited 

A 4 can also be dehned as the group generated by the two elements S and T obeying the 
relations ra (a ’’presentation” of the group): 

52 = {STf = T^ = 1 . (2) 

It is immediate to see that one-dimensional unitary representations are given by: 

1 ^=1 
T ^=1 
T ' ^ = 1 


T = 1 

T = e^4vr/3 ^ ^2 


_ J27i/3 — 


= UJ 


( 3 ) 


It is simple to check that a two-dimensional unitary representation does not exist (only 
det(T^) = —1 is in this case compatible with = (ST)^ = !)• The three-dimensional 
unitary representation, in a basis where the element T is diagonal, is given by: 



/ 1 

0 

0 ^ 

1 

( 

2 2 \ 

T = 

0 

a;2 

0 

^ = 5 

2 

-1 2 


lo 

0 



1 2 

2 - 1 ) 


The elements of A 4 can be represented by the 3x3 matrices Mj [i = 1, 2, ...12) given by: 
1, T, ST, TS, T2, ST^, STS, TST, T^S, TST\ T^ST. Indeed if one performs the 
unitary transformation Mi —> M[ = MiV with 


V 


1 

73 


/ 

1 

1 

1 \ 


1 


UJ 

V 

1 

UJ 

UJ^ j 


( 5 ) 


one obtains the 12 matrices listed in eqs. (5-8) of ref.jS] which span the three-dimensional 
representation of A4. 

Starting from the explicit expressions of S and T we can build the multiplication rules 
for triplet representations. Consider the two triplets: 


a = ( 01 , 02 , 03 ) , b={bi,b 2 ,h) 


( 6 ) 


The combination xaibi + ya 2 bs + ZO 362 is invariant under T. If we also enforce invariance 
under S it is easy to see that we get the invariant singlet 


1 = (06) = (0161 0263 + 03^2) 


( 7 ) 


2 








Similarly, the singlets 1 ' and 1 " are obtained from the combinations x'a^b^ + y'aib2 +z'a2bi 
and a;"a2&2 + y"(^3bi + z''aib3, by imposing invariance under S: 

1 ' = [ah]' = (0363 + a\b2 + 02^1) /o\ 

1 " = {ab)" = (a2&2 + ai &3 + cbzbi) 

With a little algebra it is possible to see that the remaining 6 independent combinations 
hll two triplets, a symmetric one and an antisymmetric one: 

3 = {ab)s = -( 2 ai 6 i — 0263 — 03^2, 20363 — 0162 ~ ^261, 20262 ~ ^163 — 0361) 

O 

3 '= (o6)a = -(0263-0362,0162-0261,0163-0361) ( 9 ) 

Moreover, if c, c' and c" are singlets of the type 1 , 1 ' and 1 ", and o = (01,02,03) is a 
triplet, then the products oc, ad and ad' are triplets explicitly given by (oic, 02C, 03c), 
(03C', Oic', 02C') and (02c", 03c", Oic"), respectively. 

The group has two obvious subgroups: Gs, which is a reflection subgroup generated 
by S and Gt, which is the group generated by T, isomorphic to Z^. If the flavour symmetry 
associated to is broken by the VEV of a triplet tf = ((pi, (^2, 9^3) of scalar helds, there 
are two interesting breaking pattern. The VEV 

( 4 =) = ( 1 . 1 . 1 ) ( 10 ) 

breaks A4 down to G5, while 

(^) = ( 1 , 0 , 0 ) ( 11 ) 

breaks ^4 down to Gt- As we will see, Gs and Gt are the relevant low-energy symmetries 
of the neutrino and the charged-lepton sectors, respectively. Note that the vectors m 
and m are interchanged under the transformation in eq. ©• 

3 Basic Structure of the Model 

We discuss here general properties of the model based on the A4 realization discussed above 
which are independent of the particular mechanism adopted to guarantee the required VEV 
alignment which will be specihed in the next section. Following ref. [S] we assigns leptons 
to the four inequivalent representations of the group A4: left-handed lepton doublets I 
transform as a triplet 3 , while the right-handed charged leptons e", y" and transform as 
1 , 1 " and 1 ', respectively. The flavour symmetry is broken by two triplets (^5 and ipT and 
by a singlet Actually we may need more singlets and indeed in the next section we will 
introduce two of them. But we can always choose a basis in the space of these singlets 
such that ^ denotes the held with a non-vanishing VEV, whereas all the other ones have 
a zero VEV and do not contribute to the neutrino mass matrices. So in this section we 
only keep the terms with ^ for simplicity. All these helds are gauge singlets. Two Higgs 
doublets hu4i invariant under A4, are also introduced. We assume that some mechanism 
produces and maintains the hierarchy {hu,c^ = ^ A where A is the cut-oh scale of the 
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theory (for example, by adopting a supersymmetric version of the model, as in the next 
section). The Yukawa interactions in the lepton sector read: 

Cl = yeC'{^pTl) + Vi.y^'i^PTiy + yrT''{(pTiy' + Xa^{ll) + Xb{ipsll) + h.C. + ... (12) 

To keep our formulae compact, we use a two-component notation for the fermion helds 
and omit to write the Higgs helds hu,d and the cut-off scale A. For instance yee'^{ipTl) 
stands for yee^{ipTl)hd/A, XaOll) stands for Xaiilhulhu)/A^ and so on. The Lagrangian 
Cl contains the lowest order operators in an expansion in powers of 1 /A. Dots stand for 
higher dimensional operators that will be discussed later on. Some terms allowed by the 
Favour symmetry, such as the terms obtained by the exchange <^ 97 ’ <^ 95 , or the term {ll) 

are missing in Ci. Their absence is crucial and will be motivated later on. As we will 
demonstrate, the helds tpT) and ^ develop a VEV along the directions: 


{Ct) — (i^T,0,0) 

{(ps) = {vs,Vs,Vs) 

{i) = u . (13) 


At the leading order in 1/A and after the breaking of the Favour and electroweak symme¬ 
tries, the mass terms from the Lagrangian m are 


C-I = Vd-^ (i/eeY -F y^iCy + yrT’^r) 
u 

+ —(z/ei/e + 2z/^i/^) 

+ Xbvl^^{UeUe + “ ^rVe) + h.C. + ... 


(14) 


Here we have made use of eqs. (EIHED. In the charged lepton sector the Favour symmetry 
A 4 is broken by {<Pt) down to Gt. Actually the above mass terms for charged leptons are 
the most general allowed by the symmetry Gt. At leading order in 1 /A, charged lepton 
masses are diagonal simply because there is a low-energy Gt symmetry. In the neutrino 
sector A 4 is broken down to Gs, though neutrino masses in this model are not the most 
general ones allowed by Gs. From eq. (HI, at the leading order of the 1/A expansion, we 
read the mass matrices mi and for charged leptons and neutrinos: 


Vt 

mi = Ud— 


^ 2/e 0 0 \ 


m,, = 


A 


0 2/^0 
VO 0 2 /ry 

/ a+ 26/3 -6/3 -6/3 \ 

-6/3 26/3 a - 6/3 

^ -6/3 a - 6/3 26/3 y 


where 


a = 2xa 


u 


A 


6 = 2 xb 


A 


Charged fermion masses are given by: 

Vt 


me = yeVd- 


A 


m„ = 


ViiVd- 


Vt 


A 


mr = yrVd 


Vt 

1 


(15) 


(16) 


( 17 ) 

(18) 
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We can easily obtain a natnral hierarchy among me, m^ and rriT- by introdncing an addi¬ 
tional U(l)i 7 ’ flavour symmetry under which only the right-handed lepton sector is charged. 
We write the F-charge values in this model as 0, q and 2q for and e'^, respectively. 

By assuming that a flavon 9, carrying a negative unit of F, acquires a VEV ( 6 ')/A = A < 1, 
the Yukawa couplings become held dependent quantities ye,^i,r = and we have 

Vr ~ 0(1) , 2 /m ~ 0 (A'?) , 2 /e ~ 0 (A^'') . (19) 


The neutrino mass matrix is diagonalized by the transformation: 


U'^rriuU = -^diag(mi 


a + b, 1712 = = —a + h) 


( 20 ) 


with 


U 


( 1/v^ 0 ^ 

1/^3 -l/\/2 

V -1/v^ 1/v^ +l/v/2 ) 


( 21 ) 


Thus the HPS mixing matrix is obtained in the leading approximation. The constraints 
on the parameters and on the scales of the model in order to obtain a realistic neutrino 
mass spectrum are exactly as in our previous paper [H]. In fact the formulation of A 4 
adopted in this paper is such that the lagrangian basis where the symmetry is specified 
coincides with the basis where the charged leptons are diagonal. This makes the role of 
A 4 in producing the HPS mixing more transparent but, at the leading level, the old and 
the new versions are related by a unitary change of basis. Thus the present version of H 4 
model is completely natural, as much as our previous version with an extra dimension, 
both needing only a moderate amount of fine tuning to reproduce the small value of 
r = The difference between the extra dimensional version and the present 

SUSY version is however relevant at the level of subleading terms. We recall the expected 
range for the parameters in the symmetry breaking sector. By assuming that all the VEVs 
breaking have approximately the same value, in ref. jS] we found that 


0.004 < 


A 


Vt 

T 


u 

A 


< 1 


( 22 ) 


and that the cutoff A should be limited between 10^^ GeV and 2 x 10^® GeV. In particular, 
the lower bound in (I22D comes from requiring that the tan Yukawa coupling is within a 
perturbative regime. In the supersymmetric version of the model discussed in the next 
section, the tan Yukawa coupling is given by 2 /t = {rrirA)/{v cos Pvt) where v ~ 174 GeV 
and tan/? = Vu/vd- By asking y^ < Air we And vt/A > 0.0022(0.024) when tan/? = 2.5(30). 
In what follows we take as lower limit vt/A > 0.0022. 

In conclusion, if one can construct a natural mechanism to guarantee the necessary 
alignment of the VEVs (ps and one obtains a first approximation where the neutrino 
mixing is of the HPS form. In the next section we will present a supersymmetric version 
of the model in four dimensions and later we will discuss the non leading corrections in 
this context. 
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4 Vacuum Alignment 


Here we discuss a supersymmetric solution to the vacuum alignment problem. In a SUSY 
context, the right-hand side of eq. m should be interpreted as the superpotential wi of 
the theory, in the lepton sector: 

Wl = yee'^{ipTl) + + yrT^'i^PTlf + {Xai + XaO{U) + Xb{(psll) + h.c. + ... (23) 

where dots stand for higher dimensional operators that will be discussed in the next section 
and where we have also added an additional H 4 -invariant singlet Such a singlet does not 
modify the structure of the mass matrices discussed previously, but plays an important 
role in the vacuum alignment mechanism. A key observation is that the superpotential 
Wl is invariant not only with respect to the gauge symmetry SU(2)x U(l) and the flavour 
symmetry U(1 )f x A 4 , but also under a discrete Z 3 symmetry and a continuous U( 1 )r 
symmetry under which the helds transform as shown in the following table. 


Field 

1 

e" 


r" 

hu,d 

{fT 


e 

e 

T 


eo 

A 4 

3 

1 

T 

1" 

1 

3 

3 

1 

1 

3 

3 

1 

Z 3 

OJ 



OJ^ 

1 

1 

UJ 

w 

UJ 

1 

UJ 

UJ 

mn 

1 

1 

1 

1 

0 

0 

0 

0 

0 

2 

2 

2 


We see that the Z 3 symmetry explains the absence of the term (ll) in wi: such a term 
transforms as under Z 3 and need to be compensated by the held ^ in our construction. 
At the same time Z 3 does not allow the interchange between lpt and 995 , which transform 
differently under Z 3 . The singlets ^ and ^ have the same transformation properties under 
all symmetries and, as we shall see, in a hnite range of parameters, the VEV of ^ vanishes 
and does not contribute to neutrino masses. Charged leptons and neutrinos acquire masses 
from two independent sets of helds. If the two sets of helds develop VEVs according to 
the alignment described in eq. m, then the desired mass matrices follow. 

Finally, there is a continuous U{l)fi symmetry that contains the usual i?-parity as a 
subgroup. Suitably extended to the quark sector, this symmetry forbids the unwanted di¬ 
mension two and three terms in the superpotential that violate baryon and lepton number 
at the renormalizable level. The U{l)ii symmetry allows us to classify helds into three 
sectors. There are “matter helds” such as the leptons /, e'^, /i'^ and r'^, which occur in 
the superpotential through bilinear combinations. There is a “symmetry breaking sector” 
including the higgs doublets hu^ and the havons (fT, ^^e these helds 

acquire non-vanishing VEVs and break the symmetries of the model. Finally, there are 
“driving helds” such as (^q, (^q and .^0 that allows to build a non-trivial scalar potential 
in the symmetry breaking sector. Since driving helds have R-charge equal to two, the 
superpotential is linear in these helds. 

The full superpotential of the model is 


W = Wi +Wd 


(24) 
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where, at leading order in a 1/A expansion, wi is given by the right-hand side of eq. (I12|l 
and the “driving” term Wd reads: 

Wd = M{iplipT) + g{(pl(pT^T) 

+ 9ii.VQVs^s) + 92ii^oV^s) + 93^oi^s^s) + + 95^o^i + • (25) 

At this level there is no fundamental distinction between the singlets ^ and Thus we 
are free to dehne ^ as the combination that couples to (ip^ips) in the superpotential Wd- 
We notice that at the leading order there are no terms involving the Higgs fields hu,d- We 
assume that the electroweak symmetry is broken by some mechanism, such as radiative 
effects when SUSY is broken. It is interesting that at the leading order the electroweak 
scale does not mix with the potentially large scales m, v and v'. The scalar potential is 
given by: 

2 

m--f ... (26) 

where 0 , denote collectively all the scalar fields of the theory, are soft masses and dots 
stand for D-terms for the helds charged under the gauge group and possible additional soft 
breaking terms. Since rrii are expected to be much smaller than the mass scales involved 
in Wd, it makes sense to minimize V in the supersymmetric limit and to account for soft 
breaking effects subsequently. From the driving sector we have: 

= M^pti + = 0 

= - ^Ti^Ts) = 0 

= MipT2 + — y^Tiy^T2) = 0 

= 92i^Sl+'^{^sl- ^S2^Sz) 

= ^2|</3s3 -P ^(v752 - V?Si</2s3) = 0 

= ^2|v?S 2 + ^(V?S3 - V?Sl<P’S2) = 0 

= 9^^^ + 5'5'C'f + 9%i^ + fi'3(v^si + 2V3S2¥’53) = 0 (27) 

A solution to the hrst three equations is: 

/ , 3M , , 

LfT = {vt, 0,0) , vt = —— ■ (28) 

2^ 

This VEV breaks A 4 down to Gt The need of an additional singlet can be understood 
by looking at the remaining equations. Indeed, if a unique singlet were present, which can 

^More precisely, since the solutions lie in an orbit of the group A 4 , the non trivial solutions are 
ll^ and those generated by acting on by the elements of A 4 : (px = (Tf/ 25 )( 1 , — 2 , — 2 ), (px = 
{M/2g){l,—2u}'^,—2uj) and px = (-M/ 25 )(l, —2w, —2u;^). Each of these vacua leaves unbroken a Z 3 
subgroup of A 4 . It is not restrictive to choose the vacuum px = —{3M/2g){l,0,0). The trivial solution 
px = ( 0 , 0 , 0 ) can be eliminated by choosing < 0 . 


dw 

Ml 

dw 

M 

dw 

M 

dw 

d<foi 

dw 

d(Po 2 

dw 

9^03 

dw 

d^o 


v=j: 


dw 


dcjii 
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be realized by setting ^ = 0, then the only solution to these equations would be that with 
all vanishing VEVs for ips and The additional singlet is therefore essential to recover 
a non-trivial solution In particular, if we choose > 0, thus enforcing = 0, in a 
hnite portion of the parameter space we hnd the solution 

e = 0 

i = u 

= {vs,vs,vs) , = (29) 

with u undetermined By choosing > 0, the driving helds (po, and 

vanish at the minimum. Moreover, if < 0, then u slides to a large scale, which 

we assume to be eventually stabilized by one-loop radiative corrections. 

As for the held 6 it is easy to see that, in the unbroken SUSY limit, its VEV 

remains undetermined as a consequence of the vanishing of the charged lepton held VEVs. 
When SUSY is broken the rnl\d\^ term in the potential would drive the 9 VEV to zero (or 
to oo if rug < 0). However, in the presence of a renormalizable coupling of 9 to additional 
held(s), like, for example, ga9a‘^, one-loop radiative corrections typically bring back the 9 
VEV near the cutoh. We implicitly assume that such held(s) a,...., which are completely 
neutral except for the appropriate U(l)i7’ and U(l)i{ charges, are included in our model. 
Thus the value of the ratio {9/)A can be taken as a free parameter that, together with the 
charge value q, hxes the charged lepton mass ratios as given in eq. (P|) . 


5 Higher-order corrections 

The results of the previous section hold to hrst approximation. Higher-dimensional oper¬ 
ators, suppressed by additional powers of the cut-off A, can be added to the leading terms 
in the lagrangian. Here we will classify these non leading terms and analyze their physical 
effects. In particular we will show that these corrections are completely under control in 
our model and that they can be made negligibly small without any hne-tuning. We can 
classify higher-order operators into three groups. 

5.1 Corrections to mi 

The leading operators giving rise to m; are of order 1/A (see eqs. (I14ll5|l h At order (1/A)^ 
there are no new structures contributing to mi. Indeed the only invariant operator: 

^{fl(pT(pT)hd , (30) 

^We are indebted to G.G. Ross for pointing out this possibility to us. 

^Also in this case we find other degenerate solutions, obtained by acting on with the elements of 
A 4 : ips = and ys = ns(l, w). Any of these solutions produces the same neutrino mass 

matrix. For instance ips = us(l,a;,u;^) is equivalent to ys = us(l, 1,1), the two being related by the local 
field transformations Ur —>■ ujVt- 





replicates the leading-order pattern, as can be seen from the fact that the symmetric triplet 

2 

{^T^t)s = — ^T2 ^T3 , ^tI — ^Ti^T2 : ~ ^Ts^Ti) (31) 

has a VEV in the same direction as ipT- Thus, in the charged lepton sector, the hrst 
corrections arise at relative order 1 /A^. 


5.2 Corrections to rrii, 

The leading operators contributing to are of order 1/A^ (see eqs. (I14llb|) h At the 
next order we have three operators, whose contribution to rrii,, after symmetry breaking, 
cannot be absorbed by a redehnition of the parameters Xa,b'- 




A3 


^ (v^r^O ^uhu 


The corrections from these operators will be taken into account in Sect. 5.4. 


(32) 


5.3 Corrections to the vacuum alignment 

In the appendix B, the operators of higher dimension contributing to the superpotential 
Wd introduced in eq. (123) are listed and the procedure of minimization is repeated. The 
leading corrections to the VEVs are of relative order 1/A and affect all the flavon helds. 
The correction to the VEV of (fT, apart from a shift of vt, is proportional to the VEV of <^ 95 . 
In turn, the VEV of (fs is shifted in a generic direction, the VEV of which was vanishing 
at leading order, acquires a small component and that of ^ remains undetermined: 


{(Pt) —>■ {v'rp + 6 vt, Svt, Svt) 

{ips) {vs + 6vi,vs + Sv 2 ,vs + Svs) 

iO - n 
{i) - 5u' 


(33) 


where u is undetermined, v'rp — vt, Svt, Svi and 6 u' are suppressed with respect to vt and 
Vs by a factor 1/A. 


5.4 Modified masses and mixing angles 


The new vacuum in eq. (El modihes the leading order mass matrix mi in eq. dn into 
m'l = mi{vT —»• v'j) -|- 5mi 


r ( He He He 

OVt 

dmi = Vd-^ Vii Vf, Vii 

\ Ut Vt Vt j 


( 34 ) 
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The matrix m'im[ is diagonalized by sending I into Uel where, by neglecting terms of 
relative order {ye/yrY and {y^/yrY, is given by: 


/ 

1 

6vt 

6vt 

\ 



Vt 




6vt 

1 

5vt 



Vt 


Vt 



dvj' 

6vt 

1 


V 

Vt 

Vt 

1 

/ 


(35) 


Charged lepton masses are modihed by an overall factor + 6vt)/vt- 

The neutrino mass matrix is modihed by both the new vacuum, eq. O, and by the 
new operators (13211 . The non-vanishing VEV of ^ can be absorbed into a redehnition of the 
parameter a of eq. (HZD. The remaining effects change mj, of eq. (HSl) into ml = + Sm^, 


6 m,, = 


where 


Xb 


dzi = 2 { —^2 y 


^ 26zi/'d) —6z‘i/?< + 6z^ — 5 ^ 2 / 3 + ^^4 \ 

—5^3/3 5 z ^ 25^2/3 -h 5^4 — 6 z - i /3 

—5^2/3 -f" ( 5^4 — 6 z \ l 3 25^3/3 -|- 6 z ^ j 

UVt\ 


X 


< 52:2 = 2 ^ 6 v 2 


6 z 3 = 2 ^Sv 3 


6 z 4 = 2 x, 


VsVt 

'' h? 


6 z 3 = 2 xd 


VsVt 

A 2 


To hrst order in 6 zi neutrino masses are given by: 

.2 r 1 


n + 5 + + 6 z 2 + ^^ 3 ) ~ + ^^ 5 ) 

O ^ 


m4 = - 

Ip 

m2 = [n + h ^4 + <^^5] 


m3 = ^ 


1 1 

n + 5 + + 6z2 + ^^ 3 ) + — {6z4 - 1 - Szp) 

O Zi 


(36) 


(37) 

(38) 


(39) 


By combining the hrst order corrections to neutrino and charged lepton masses we hnd 
the modihed parameters of the lepton mixing matrix (a bar on a letter indicates complex 
conjugation): 


"'-I ^ 71 


3{ah -I- 6 a — | 6 | 2 ) 


{a{ 6 z 2 - 6 zP) + {b- a){ 6 z 2 - 6 Z 3 )) 


1 


2 {ab -|- 6 a) 
6 vt 


taX 012 — — — 3--|- 


tan O 23 — f-j-d 


1 ^ 

2 vt ' 4(a6 -I- 6 a -I- |6|2) L 
5vt 2 


{{a -|- 6 )( 62:4 — dzp — (a — 6 )( 62:4 — 62 : 5 )) 

1 


(40) 


(2a -|- 6)(— 26Z 3 -|- 6 z 2 T 6 Z 3 ') c.c 

1 


[b{6z2-6z3)+c.c 


(41) 

[ 6 ( 62 : 4 — 6 : 25 )- 1 -c.c.] (42) 


Vt 3(a6-|- 6 a — |6|2) (a 6 -|- 6 a) 

Given the expected range for the VEVs for vt, vs and u, eq. (f^ . we see that all 
the corrections can be kept small, below the percent level. We see that deviations from 
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the leading order predictions are obtained for all measurable quantities at approximately 
the same level. If we require that the subleading terms do not spoil the leading order 
picture, these deviations should not be larger than about 0.05. This can be inferred by 
the agreement of both and tan^ 6*12 with the experimental values. We then 

go back to eq. ( 1221 ) and include this constraint: 

0.0022 < ^ ^ ^ ^ ^ < 0.05 (43) 

AAA 

We recall that the lower bound 0.0022 was derived from the requirement that the Yukawa 
coupling Uj. is small enough to justify a truncated perturbative expansion. Note that the 
ratio {0)/A is not limited by the constraint in eq. (I43j) . 

6 See-saw realization 

We can easily modify the previous model to acomodate the see-saw mechanism. We in¬ 
troduce conjugate right-handed neutrino helds transforming as a triplet of A 4 and we 
modify the transformation law of the other helds according to the following table: 


Field 





V?o 

^0 

A4 

3 

3 

1 

1 

3 

1 

Z3 








1 

0 

0 

0 

2 

2 


The superpotential becomes 


W = Wi + Wd 


where the ‘driving’ part is unchanged, whereas wi is now given by: 


(44) 


wi = yee''{ipTl)+yij,^J^''{y:>Tiy+yTr‘'{(pTiy'+y{^''l) + {xA^+S:AOi^‘'^l+^Biy^s^''^'') + h.c. + ... 

(45) 

dots denoting higher-order contributions. The vacuum alignment proceeds exactly as 
discussed in section 4 and also the charged lepton sector is unaffected by the modihcations. 
In the neutrino sector, after electroweak and A 4 symmetry breaking we have Dirac and 
Majorana masses: 


"if = i/Wl , 


M = 


where 1 is the unit 3x3 matrix and 

A = 2xa , 


mi = 


A + B u 


m 2 = 


+ 2S/3 -5/3 

-5/3 ^ 


-5/3 25/3 

A-BI3 

u 

-5/3 A - 5/3 

25/3 j 


5 = 2xb— . 



u 



= {m^)'^M ^m^ with eigenvalues 

A u ’ = 

y^ vl 


-A + B u 



(46) 


(47) 


(48) 
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The mixing matrix is the HPS one, eq. (EH). In the presence of a see-saw mechanism 
both normal and inverted hierarchies in the neutrino mass spectrum can be realized. If we 
call $ the relative phase between the complex number A and B, then cos<I> > —|i?|/ 2 | 74 | 
is required to have \m 2 \ > \mi\. In the interval —|i?|/2|y4| < cos$ < 0, the spectrum 
is of inverted hierarchy type, whereas in |i?|/2|y4| < cos<h < 1 the neutrino hierachy is 
of normal type. The quantity |i?|/ 2 | 74 | cannot be too large, otherwise the ratio r cannot 
be reproduced. When \B\ l^l the spectrum is quasi degenerate. When \B\ ^ l^l we 
obtain the strongest hierarchy. For instance, if i? = —2^4 -|- 2 ;(|z|<^|y 4 |,|i?|),we hnd the 
following spectrum: 


12 ' 
(49) 

When B = A + z {\z\ |y4|, \B\), we obtain: 

\mi\^ ^ , \m 2 \‘^ ^ ^ - K) . (50) 

These results can be affected by higher-order corrections induced by non renormalizable 
operators. As before, charged lepton masses and mixing angles are unaffected at hrst order. 
Dirac and Majorana neutrino mass terms are instead corrected at first order, through the 
insertion of (fr/A and also the VEVs receive a corrections. It is interesting to note that 
the contribution to the light neutrino masses coming directly from local operators of the 
type {llhuhu...) is highly suppressed compared to the see-saw contribution. The latter is 
of order 1/VEV, whereas the former, due to the Z 3 assignment, is of order VEV^/A^. 
In conclusion, the symmetry structure of our model is fully compatible with the see-saw 
mechanism. 


|mip 


Amlt^ 


,9 1 , 

-H- r) 

8 12 ' 




Am ^ 


,9 13 , 

-H- r) 

8 12 ’ 




^771 ^ 


(0 + 


7 Quarks 

There are several possibilities to include quarks. At hrst sight the most appealing one 
is to adopt for quarks the same classihcation scheme under A 4 that we have used for 
leptons. Thus we tentatively assume that left-handed quark doublets q transform as a 
triplet 3, while the right-handed quarks (u'^, d^), and transform as 1, 1" and 

T, respectively. We can similarly extend to quarks the transformations of Z 3 and U(l)ij 
given for leptons in the table of section 4. The superpotential for quarks reads: 

tuj = ydd%<pTi) + y,s°('fTq)' + yhi^ifry)" + rq)" + l‘.c. +... 

(51) 

It is interesting to note that such an extrapolation to quarks leads to a diagonal CKM 
mixing matrix in hrst approximation ism In fact, starting from eq. (EH) and proceeding 
as described in detail for the lepton sector, we see that the up quark and down quark 
mass matrices are separately diagonal with mass eigenvalues which are left unspecihed by 
A 4 and with a hierarchy that could be accomodated by a suitable U(l)i? set of charge 
assignments for quarks. Thus the Vckm niatrix is the identity in leading order, providing 
a good hrst order approximation. 
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The problems come when we discuss non-leading corrections. As seen in section 5, 
hrst-order corrections to the lepton sector should be typically below 0.05, approximately 
the square of the Cabibbo angle. Therefore it seems difficult to reproduce the quark mixing 
between the hrst two generations in this scheme, without introducing new ingredients in 
the symmetry breaking sector. Also, by inspecting these corrections more closely, we see 
that, exactly as in the case of charged leptons, the quark mass matrices are not modihed to 
hrst order by higher dimensional Yukawa operators. The only possible hrst order changes 
could only come from the new vacuum, eq. O- Unfortunately, up to very small terms of 
order yu{d)/yt{b) y‘l{^s)ly‘t(b)i these corrections are the same in the up and down sectors 
- see eq. dSHD - and therefore they almost exactly cancel in the mixing matrix Vckm- 
We conclude that, if one insists in adopting for quarks the same havour properties as for 
leptons, than new sources of A4 breaking are needed in order to produce an acceptable 
Vckm- 

An other point of view is to regard A4 as a special feature of the lepton sector, and 
to provide an independent description for quarks. For instance one could take quarks as 
invariant under A4 and charged only with respect to the U(l) part of the havour group 
which controls the mass hierarchy. Masses and mixing angles for quarks would emerge from 
the symmetry breaking of an abelian continuous havour symmetry, as in many models of 
fermion masses m- This possibility has the obvious disadvantage of preventing a unihed 
description of both quarks and lepton masses, as expected for instance in grand unihed 
theories. 


8 Relation with the Modular Group 


There is an interesting relation between the A4 model considered so far and the modular 
group. The modular group is the group of linear fractional transformations acting on a 
complex variable z: 


az -\-b 


ad — be = 1 


cz + d 

where a, b, c, d are integers. These transformations can be represented by the matrices 


(52) 


a 

c 



(53) 


with integer coefficients and determinant 1, belonging to the group SL{2, Z). Since how¬ 
ever a matrix and its opposite in SL{2, Z) dehne the same linear fractional transformation, 
the modular group T coincides with PSL{2, Z), the matrices in SL{2, Z) up to an over¬ 
all sign. There are inhnite elements in T, but all of them can be generated by the two 
transformations: ^ 

s: 2;—*• — , t ■. z —>■ z + 1 , (54) 

represented by the matrices 


nis 




^Notice that m* is not unitary and also that 


— 1 while m" ^ 1 for all integer n > 1. 


( 56 ) 
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In string theory the transformations (El operate in many different contexts. For instance 
the role of the complex variable z can be played by a held, whose VEV can be related to 
a physical quantity like a compactihcation radius or a coupling constant. In that case s in 
eq. dH represents a duality transformation and t in eq. dH represent the transformation 
associated to an ’’axionic” symmetry. 

The transformations s and t in dSl satisfy the relations 


and, conversely, these relations provide an abstract characterization of the modular group. 
Since the relations (H are a particular case of the more general constraint (El, it is clear 
that the representations given in m and (H are also representations of the modular group. 
Then the natural questions is: how much special are m and dl from the point of view 
of T? To anwser this we should inspect the unitary irreducible representations of T. To 
this purpose it is sufficient to look at linear unitary irreducible representations of the two 
elements s and t, from which it is possible to reconstruct the representatives of any other 
element in T. 

The singlet representations act simply as multiplications by a phase factor: 


s = , t = 


(57) 


It is immediate to see that there are six inequivalent choices for a and (3 that satisfy iinoi)' 


1 

s = 1 

t = 1 


s = 1 

t = 


s = 1 

t = e'27r/3 

1/7/ 

s = —1 

t = e*57r/3 

l/y 

s = —1 

t = e'3^/3 


s = —1 

t = 


(58) 


The representation 1 is the invariant representation. If we have two helds a and b trans¬ 
forming according two representations of the above list, then their product ab also trans¬ 
forms according to a singlet representation and the multiplication table can be easily 
deduced by eqs. (El: 



1 

1^ 

r—1 

1777 

r—1 

1^ 

1 

1 

1^ 

1^^ 

1777 

r—1 

1^ 



1^^ 

1 

17V 

1^ 

1777 



1 

1^ 

1^ 

1777 

l7y 

1/77 

1777 

17V 

1^ 

1^ 

1^^ 

1 

r—1 

r—1 

1^ 

1777 

1^^ 

1 

1^ 


1^ 

1777 

r—1 

1 

1^ 

r—1 


In particular we see that, beyond the invariant representation, there is an interesting subset 
of representations closed under the product. It is given by 1, 1^, 1^^. These representations 
corresponds to the representations 1, 1' and 1 " used in our model. 
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Figure 1: Allowed (white) region in the parameter space {^ 2 ,^ 3 )- The conditions ()t)t)lt)7jl 
of appendix A are saturated along the lines (32 = 1/6, 3/6, 5/6, (3^ = 1/6, 3/6, 5/6, (3^ = 
—/32 + 3/6, = —/32 + 5/6, /^a = —/32 + 7/6, (3^ = —/32 + 9/6. Accounting for the periodicity- 

in /32,3, we have six allowed regions with the same shape and area, differing only by the 
location of their center. These six regions are related by permutations of /?!, (32 and (3^ 
and the inequivalent representations can be labelled by the points of one of them. The 
irreducible representation used in our model is marked by a star. 


The relations = {st)^ = 1 lead to a quantization of a and (3 in eq. (j57jl and, in the 
unidimensional case, there is a hnite number of unitary representations. This is no-longer 
true when going to higher-dimensional representations ^2] • We are particularly interested 
in the three-dimensional case which is discussed in detail in the appendix A. The result is 
that we have unitary inequivalent representations described by 


/ gi27r/3i 


t = 


V 


0 

0 


0 

f,i27r(32 


0 


0 \ 
0 

gi27r/?3 ^ 


(60) 


and a matrix s also determined as function of (3i once the following relations are staished: 
(3i + P 2 + (33 = 0 (mod 1) and {(32,(33) in the region 3/6 < (32 < 5/6, 1/6 < (33 < 
3/6, —(32 + 5/6 < (33 < —(32 + 7/6. Therefore, there is a double inhnity of possible 
three-dimensional representations which in the {( 32 , ( 33 ) plane appears as in £g. 1. The 
representation dl adopted in the construction of the model falls just in the center of the 
region allowed to {( 32 , /ds). Perhaps in the underlying theory there is a dynamical principle 
that selects this particularly symmetric point. 
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9 Conclusion 


The A 4 discrete group appears to be particularly suitable to economically reproduce the 
precise relations among neutrino mass matrix elements which are needed to obtain the 
HPS mixing matrix. We have presented here a 4-dimensional SUSY version of an A 4 
model which is completely natural, in the sense that no arbitrary tuning of parameters 
is necessary to lead to the HPS mixing angles, once the ratios of VEVs to the cutoff are 
hxed in a given interval. A moderate hne tuning is only present in the neutrino mass 
spectrum, in order to reproduce the observed small value of r = In a 

previous paper we had presented a model which was equally natural, actually in a more 
extended interval for the cut-off, but assumed extra dimensions, thus making the model 
more exotic. We then pointed out an interesting way of presenting the A 4 group as a 
particular set of transformations of the modular group. This approach has the immediate 
advantage that the lagrangian basis where the symmetry is formulated coincides with the 
basis where the charged leptons are diagonal. But this connection could possibly lead 
to an insight on the possible origin of the A 4 symmetry within the context of a more 
fundamental theory. Finally, if the same structure of left-handed and right-handed held 
classihcation in A 4 is extended from leptons to quarks, then, in leading order, the CKM 
matrix coincides with the unit matrix. A study of non leading corrections in this model 
shows that the departures from unity of the CKM matrix are far too small to reproduce 
the observed mixing angles. Thus the quark mixing angles, in this picture, should arise 
from additional effects specihc of the quark sector. 
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Appendix A 


We explicitly classify and build the three dimensional, irreducible unitary representations 
of the modular group. It is not restrictive to go to a basis where T is diagonal: 




0 

0 ^ 


/ e*27r/3i 

0 

0 

\ 

T = 

0 

h 

0 


0 

fJ27r/32 

0 



1 0 

0 

h ) 


1 0 

0 

e*27r/?3 

/ 


( 61 ) 


In this basis and without loss of generality, the most general 3 by 3 unitary matrix S 
satisfying 8“^ = 1 can be parametrized as: 




7 ] 


^ — COS X 

sin X sin 9 ? 
sin X cos 93 


sin X sin ip 

cos X sin^ ip — cos^ ip 
(1 + cos x) cos ip sin ip 


sin X cos ip \ 
(1 + cos x) cos ip sin ip 
cos X cos^ ip — sin^ ip y 


(62) 


where r] = ±1. We can take x between 0 and tt, and ip between 0 and 7 r /2 We hrst 
discuss rj = 1. The condition [ST)^ = 1, written in the form TST = ST~^S, gives rise to 
the equations: 


cos^ X 9 sin^ X / 9 9 N 

-cos X -(cos ip t2 + sm ip ts) = 0 

sin^XsinV (cos^ - cos x sin^)^ , / .2 2 ^.2 

-h (cosxsin ip — cos ip)t2 

h t2 

(1 + cos x)^ cos^ sin^ (yj 


h 


sin^xcos^:^ (sin^ 93 — cos x cos^ 


h 

(1 + cosx)^ cos^ 93 sin^ 93 ^ 


+ (cos X cos^ ip — sin^ ip)tl 


t2 


1 sin^ ip cos^ ip 


h 


)=0 


tit2 + cos‘^ip{—-—) + cosx{^- . 

t2 ^3 t2 

tif 3 + sinV(-- + —) + cosx(; , , 

^2 ^3 1^2 ^3 

Sin^X (1+COSx)/. 9 9 9 9 / 9 . 9 NX 

+ :-^(sm ip t2 + cos ip ts + — cos x(cos <^ 3^2 + sm ip ts)) 


1 sin^ ip cos^ ip , 


= 0 


^ 2^3 

By combining the fourth and the hfth equations above we obtain: 


0 

( 63 ) 


^1^2^3 — 1 


(64) 


which can be solved, for instance, to express ti in terms of t2 and t^. By ignoring solutions 
that lead to reducible representations, the remaining independent conditions in (ESI) are 

^It is not restrictive to assume the non-diagonal elements of S real and of the same sign. If this is not 
the case, we can make them real and of the same sign by means of a unitary diagonal transformation that 
leaves T invariant and does not affect the diagonal elements of S. 
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solved by: 


cosy = 


^2^3 (^2 + ts) 


1 - tUi - t-itl + tltl 


( 65 ) 


COS 99 = 




{h — ts)^! + — 2t2tz{t2 + ta)) 

It is easy to see that cosy is automatically real and that the condition | cosy] < 1 reads: 


^2^3 + 7^ ~ 2t2t3(^2 + ^3) -+ 2 > 0 . (66) 

^2^3 ^2^3 ^2 ^3 

The argument of the squared root in eq. dSSI) is always real and the conditions to obtain 
cos if real and bounded between 0 and 1 are, respectively: 


2(1+ t i), 
tUi 

2(1+ ti) 

44 


{h — ta + 2 t 24 + ^2^3 ~ St^ta — ^44 + ^2^3 + 2^2^^ + ^2^3 — ^2^3) > 0 


x4+3 


.5+2 


+ 5+5 


+ 6+45 


(ta -12 + 2t34 + 44 - ^4^ - ^44 + 44 + ‘^44 + 44 - 44) > o 


+ 4+3 


+ 5+2 


+ 5+5 


+ 6+45 


(67) 


Recalling that ^ 2,3 = ^pg fundamental region 0 < {32^3 < 1 the 

values of /92,3 that are compatible with the conditions ()66l67jl are those displayed in hgure 
1. Then ti is given by the constraint (IMl) . The representation chosen in our model, 
corresponds to one of the centers of the allowed regions, the point {^2,^3) = (2/3,1/3). 
Then eq. (insi) gives cosy =1/3, cos(p = 1/a/ 2 and sinx = 2v^/3, sin 99 = 1/v^. 

Finally, the irreducible representations corresponding to rj = —1, which flips the sign 
of S, are obtained from those given above by sending {S,T) into {—S, —T). 
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Appendix B 


Here we discuss how the vacuum alignment achieved at the leading order is modihed by 
the inclusion of higher dimensionality operators. The part of the superpotential depending 
on the driving helds and .^o is modihed into 

Wd + Awrf (68) 


Here Wd is the leading order contribution: 

Wd = M{iplipT) + giplpTPr) 

+ 9i{^q^s^s) + 92i{^Q^s) + 3^3^o(v^5<^5) - , (69) 


where, for convenience, we have redehned g^ = “ig^ and 5^4 = —gl- We recall that Wd gives 
rise to the munimum; 


Pt 

‘-Ps 


{vt, 0 , 0 ) 

ivS:Vs,Vs) 


Vt — 
Vs 


3M 

94 

3 ^ 3 “ 


(70) 


^ = u 

f=0 


with u undetermined. The remaining term, Awd is the most general quartic, H 4 -invariant 
polynomial linear in the driving helds: 


= T f E tkll + + E XklA (71) 

\k=3 k=l k=l / 

where tk, Sk and Xk are coefficients and {Jj, If, 1 ^} represent a basis of independent 
quartic invariants: 

= {p>Ip>t){ptPt) IJ = [p'^{ps^s)s) ^ 

/fo = (<^o (<^s<^5)s) I 

II = {^I^Tn^T^rY II = {^l^s)e . 72 ) 

II = ll2 = {P>lP>sn 

II = II = {P>lp>s)~e 

II = 

If = ({p>o‘Pt)s{p>s^s)s) 

I2 = [iP’oP’T)AiP>sP’s)s) 
li = i<Pi‘fT){p>SP>s) 

If = {p>oP>Ty{psp>sy 
li = {p>oP>t)"{psP>s)' 
li = [p>o{P>TPs)s) i 

11 = 'Co (<7’r(7^s<7’s)s) 

12 = io{‘PsP>s)i 


1 7 = (^l{^TPs)s) 
li = (p’iiP’TP>s)A] 
li = {p>i{P>TP>s)Aj 

110 = 

111 = (<^o<^t)cc 
il = 


(73) 


II = Co(<^s<^s)C 


( 74 ) 
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The new minimum for 995 , ^pxi ^ and ^ is obtained by searching for the zeros of the F 
terms, the hrst derivatives of Wd + associated to the driving helds </ 9 g, and .^o- 

We look for a solution that perturbes (iruj) to hrst order in the 1/A expansion: 


ipT = {vt + SvJ, 6vJ, 6vJ) 

= {vs + Svi, Vs + SV2, Vs + Svs) 

^ = u 
i = 5u' 


Vt = 
Vs 


3M 
94 

= 


^93 


(75) 


The minimum conditions become equations in the unknown Svf, 6vi, u and 5u' which can 
be expanded in 1/A. By keeping only the hrst order in the expansion, we get: 


—5vi — 


2SvJ + 


27^3 , 5-4 A , 94 ^ 


8g^ A 

94 

Ms 


+ ^11 + 


M3 


^93 

94^ 

til + „ _ 2 (^6 + t? + ts) 


(te + ^7 + ts) 


u 


MA 


= 0 


u 


Ms 


Mv 2 + 7^ ( til + 77^(t6 + t? + ts) 


MA 


-'2 

9294 


Ms 


Ms 


6u + {26vi - 6 v 2 - 6vs) - - 

Ms Ms 9 


MA 
3 


= 0 


= 0 


9294 


Su + 


‘^9i94 


{ 26 v 2 — Svi — Svs) 


5'4 ,94 \ Mu 

2 *“ + + wA 

1 ( 94^ 94 fSQ , SgA Mu 


Ms, Ms_^ 

9294 r / , "^9194 X X 

——ou H-( 20^3 — oui — dv2 

Ms Ms 

g^Su' + 2g3g4{6vi + 6v2 + M 3 ) 

These equations are solved by: 


— J- —) 

g [ 2 g 3 ^'^‘^ g ~3 6 4 ^ 


9 \Ms 
gi Mu 




9s 6 


2 : 2 - 


M9s a 


= 0 


A 


= 0 


A 


94 _ 94, Sq S8,\ am 

A 


= 0 


= 0 


(76) 


5vi = 


3t3 Vt 


+ 


94 


94 


5vJ = SvJ = 


Mgshi^ M9 s 

94 ^ 94^ 


; (te + ty + ts) 


u 


vtA 


6vi = 

6 v 2 = 
6 v3 = 
5u' = 


9bSlO 

M2g4^ 

9bSlO 

M2g4^ 

9bSio 


Aggstii 
95 


IM9~3^ 


(te + t7 + ts) 


u 


VtA 


1%25'3^ 

95 

95 


(S3 + S4 + S5) — 
(S3 + S4 + S5) + 
2 (-53 + S4 + S5) + 


fi'3SlO 

94 

5'1^~4 

Qgm 

5'35io 

94 

25i^~4 

Qgigs 

5'35io 

94 


^6 


(2S3 — S4 — S5) — -— 


X2 


Ml iMs' 

(2S4 - S3 - S5) + 7^ + 


VtU 

~A~ 

X2 


6gi 4gi 18g3 
Sg Ss X2 


r ~ 2 A 10" ~ 2 + S4 + S5) + ^ -z-" _ (2S5 — S3 — S4) + 

65(25-4 185'25'3 25154 65153 651 451 


5'3'Sio 54 / N 

-^ + X-:“('S 3 + S4 + S5) 

5 ' 25'4 35253 


VtU 


iMs 


(77) 


where u remains undetermined. This justihes the corrections O to the vacuum alignment 
adopted in section 5. 


VtU 

VtU 
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